This paper is devoted to studying the existence and uniqueness of solutions of fuzzy nabla dynamic equations on time scales under Hukuhara differentiability. We apply the Banach contraction mapping principle to establish existence and uniqueness solution for fuzzy nabla initial value problems on time scales and also obtain existence result using Ascoli's theorem and Schauder's fixed point theorem.
Introduction
In modeling a real world phenomenon, some ambiguity or inaccuracy happens because of inadequate data about the parameters which cannot actually portray the idea of the problem. In order to manage this inaccuracy or ambiguity Zadeh [32] , presented the theory called fuzzy sets. The fuzzy set theory is an excellent approach which helps us to deal with fuzzy dynamic models. Fuzzy set theory is the best source to study fuzzy differential equations (FDEs) or interval differential equations. FDEs play a vital role in applications of biology, economics, and many other engineering problems where uncertainty arises. Hukuhara [15] initiated the difference between two sets called Hukuhara difference and developed the theory of derivatives and integrals for set-valued mappings. Later, Puri and Ralescu [26] studied Hukuhara derivative for fuzzy functions using Hukuhara difference, and it is the primary approach for studying uncertainty of the dynamical systems. Further, Kaleva [17] studied FDEs under Hukuhara differentiability and also studied the existence and uniqueness of the solutions to FDEs using Hukuhara derivative which has a drawback that the solutions exist only when the functions have an increasing length of support. To overcome this circumstance, Bede and Gal [7] studied generalizations of the differentiability of fuzzy number-valued functions. Later, Stefanini and Bede [27] studied generalized Hukuhara differentiability of interval-valued functions and interval differential equations. Further, Malinowski [24, 25] studied the concept of second type Hukuhara derivative for interval differential equations and interval Cauchy problem with second type Hukuhara derivative. Furthermore, Zhang and Sun [36] studied the stability of FDEs under second type Hukuhara derivative.
The theory of time scales was initiated by the German mathematician Stefan Hilger [13] . The important features of time scales are extension, unification, and generalization. The fundamental theory and applications on time scales calculus and dynamic equations on time scales are found in [1, 10] . The theory of time scale calculus is applicable to any field in which a dynamic process incorporates both discrete or continuous time models. Alternative solutions of linear dynamic equations on time scales and boundary value problems for dynamic equations on time scales were studied in [4] and [11] . Oscillatory behavior of solutions to different classes of dynamic equations has been a subject of numerous studies; see, for instance, the papers [2, 8, 9, 20, 33, 35] . Existence of solutions and convergence results for dynamic initial value problems using lower and upper solutions were studied by [34] .
Some recent studies and applications in economics [5] , production, inventory models [6] , adaptive control [16] , neural networks [21] , and cellular neural networks [12] suggested that nabla derivative is more preferable than delta derivative on time scales.
Hukuhara differentiability of interval-valued functions and interval differential equations on time scales was studied in [23] . Hong et al. [14] studied differentiability for multivalued functions on time scales. Vasavi et al. [28] [29] [30] [31] introduced and studied fuzzy dynamic equations on time scales. Recently, Leela et al. [18, 19] developed nabla Hukuhara differentiability and integrability on time scales. With the importance and advantages of nabla derivative, we propose to develop the theory of fuzzy nabla dynamic equations on time scales. In this context, we introduce and study fuzzy nabla initial value problems on time scales. The rest of this paper is organized as follows. In Sect. 2, we present some definitions, properties, basic results relating to fuzzy sets, calculus of fuzzy functions, and time scales calculus. In Sect. 3, we introduce first type and second type nabla Hukuhara derivative of fuzzy functions on time scales. We establish the existenceuniqueness result for FNIVP with the help of contraction mapping principle and also obtain the existence result for FNIVP using Ascoli's and Schauder's fixed point theorems in Sect. 4.
Preliminaries
It is important to recall some basic results and definitions related to fuzzy calculus. Let k ( n ) be the family of all convex compact nonempty subsets of n . Denote the set addition and scalar multiplication in k ( n ) as usual. Then k ( n ) satisfies the properties of a commutative semigroup [17] with addition of cancelation laws. Further, if α, β ∈ and
and if β, α ≥ 0, then (β + α)S = βS + αS. Let S and T be two bounded nonempty subsets of n . By using the Pompeiu-Hausdorff metric, we define the distance between S and T as follows:
Here, · is the Euclidean norm in n . Then ( k ( n ), d H ) becomes a separable and complete metric space [17] .
λ ) for all s, t ∈ E n and g is continuous. The scalar multiplication and addition ⊕ of s, t ∈ E n is defined as
The following theorem extends the properties of addition and scalar multiplication of fuzzy number-valued functions ( F = E 1 ) to E n .
Theorem 1 ([3])
(a) If0 is the zero element in F , then0 = (0,0, . . . ,0) is the zero element in E n , i.e., s ⊕0 =0 ⊕ s = s ∀s ∈ E n ; (b) For any s ∈ E n has no inverse with respect to '⊕ ; (c) For any β, γ ∈ with β, γ ≥ 0 or β, γ ≤ 0 and s ∈ E n , then
Let S, T ∈ E n . If ∃ a R ∈ E n such that S = T ⊕ R, then we say that R is the H-difference of S and T and is denoted by S h T. For any S, T, R, U ∈ E n and α ∈ , the following hold: 
Definition 1 ([17])
A mapping G is said to be strongly measurable if, for each λ ∈ [0, 1], the fuzzy function G :
Now, we present some fundamental definitions and results of time scales.
Definition 2 ([10])
(a) Any nonempty closed subset of is defined as a time scale which is denoted by T.
(b) ρ : T → T is the backward jump operator and ν : T → R + , the graininess operator is defined by
where g : T → is a function. (f ) The interval in time scale T is defined by
and if 'a' is right dense, then
or if 'a' is right scattered, then
Definition 3 ([10]) Let g : T → be a function and θ ∈ T k . Then g ∇ (θ ) exists as a number provided for any given > 0, ∃ a neighborhood N δ of θ (i.e., N δ = (θ -δ, θ + δ) ∩ T for some δ > 0) such that
Here, g ∇ (θ ) is called the nabla derivative of g at θ . Moreover, g is said to be nabla (or Hilger)
Definition 4 ([10]
) A mapping g : T → is said to be regulated if its left sided limits exist and are finite at all ld-points (left dense points) in T and its right sided limits exist and are finite at all rd-points (right dense points) in T.
Definition 5 ([10])
Let g : T → be a function. g is said to be ld-continuous if it is continuous at each ld-point in T and lim θ 0 →θ + g(θ ) exists as a finite number for all rd-points in T.
Theorem 2 (Ascoli's theorem on T [34]) Assume Y ⊆ C ldf (T [a,b] , ). Then Y is bounded and equi-continuous iff Y is relatively compact.
Theorem 3 (Schauder's fixed point theorem [22] ) Let V be a normed linear space and X be a bounded, closed, and convex subset of V . If G : V → V is compact, then G has at least one fixed point.
Nabla Hukuhara differentiability and integrability
In this section, we present first and second type nabla Hukuhara derivatives, fuzzy nabla integral of fuzzy functions on time scales, and their properties. 
Definition 6 ([19]) Suppose that G : T [a,b] → E n is a fuzzy function and θ
for all θ -, θ + ∈ N T [a,b] with 0 < h < δ, where ν(θ ) = θ -ρ(θ ). Then G is called nabla Hukuhara form-I (nabla-h) differentiable at θ and is denoted by G ∇ h (θ ).
The above definition does not exist if the fuzzy function has a decreasing diameter. So, in order to overcome this circumstance, we introduce and study the second type nabla Hukuhara derivative for fuzzy functions on time scales where the results exist for the functions which have a decreasing diameter.
Definition 7 ([19]) Suppose that
be an element of E n for any given > 0, ∃ a neighborhood N T [a,b] of θ , and for some δ > 0 such that
for all θ -, θ + ∈ N T [a,b] with 0 < h < δ, where ν(θ ) = θ -ρ(θ ). Then G is called nabla Hukuhara form-II differentiable or nabla-sh (symbolically ∇ sh -differentiable) at θ and is denoted by G ∇ sh (θ ). We consider only right limit at left scattered points and one-sided limit at the end points of T
Theorem 4 ([19]) If G, H : T [a,b] → E n are nabla integrable, then the following hold:
where the set of all fuzzy ld-continuous functions is defined by
Main results
In this section, we introduce a fuzzy nabla initial value problem on time scales and obtain the solution under two types of Hukuhara differentiability. Let us consider the fuzzy nabla initial value problems (FNIVP) on time scales as
where
Lemma 2 A mapping u : I T → E n is a solution of FNIVP (5) iff it is ld-continuous and satisfies the fuzzy nabla integral equation
and u is a solution of FNIVP (5) iff it is ld-continuous and satisfies the fuzzy nabla integral equation
Taking fuzzy nabla integral on (5)
Conversely, suppose that u satisfies the fuzzy integral equation (7). Clearly, u(θ 0 ) = u 0 , and from Theorem ( 5)(a), we have u
. Similarly, we prove the other part. Now, with the help of Banach contraction mapping principle, we will prove that if G(θ , u) satisfies the Lipschitz condition, then FNIVPs (5) and (6) have a unique solution on I T .
Theorem 6
Let G : I T × E n → E n be ld-continuous and suppose that there exists M > 0 such that
then FNIVPs (5) and (6) have a unique solution on I T .
Proof Let C ldf (I T , E n ) be the set of all ld-continuous functions from I T to E n , where I T ∈ T [a,b] . Define the metric
is also a complete metric. For any ψ ∈ C ldf (I T , E n ), define the operator
Choose I T such that aM < 1. Therefore, F is a contraction mapping. Thus, from the Banach contraction mapping principle there exists a unique fixed point of F, sayũ, and this fixed point is the unique solution of FNIVP (5) on I T . Similarly, we can prove the existence and uniqueness solution for FNIVP (6) on I T .
In the following theorem, we establish the existence of solutions for FNIVPs (5) and (6) using Ascoli's theorem and Schauder's fixed point theorem.
Theorem 7 Suppose that G
Then FNIVPs (5) and (6) have at least one solution on I T .
Proof First, we consider FNIVP (5) and we prove that it has at least one solution. Let B be a bounded set in C ldf (I T , E n ). The set FB = {[Fu] : u ∈ B} is totally bounded iff it is equicontinuous, and for θ ∈ I T , the set
is a totally bounded subset of E n , where
Therefore, Fu is equicontinuous on I T . For fixed θ ∈ I T , we have
Hence, the set {[[Fu](θ ) : u ∈ B]} is totally bounded in E n . From Theorem 2, we have FB is a relatively compact subset of C ldf (I T , E n ). Define the ball B = {u ∈ C ldf (I T , E n ) χ(u,0) ≤ aK} in the metric space (C ldf (I T , E n ), χ). For u ∈ C ldf (I T , E n ), consider Therefore, FB is contained in B. Since F is compact and then from Theorem (3), F has a fixed point and this fixed point is a solution of (5). Hence, FNIVP (5) has at least one solution on θ ∈ I T . In a similar way, we can prove the existence of solution for FNIVP (6) by defining
Conclusions
In this paper, first we introduced fuzzy nabla initial value problems (FNIVP) on time scales under Hukuhara differentiability and represented their solutions as integral equations. Further, we established the existence and uniqueness of solution for FNIVP on time scales using the Banach contraction mapping principle and also obtained the existence result using Ascoli's and Schauder's fixed point theorems.
